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The physical characteristics of two-dimensional classical ferro- and antiferro-
magnets have been calculated in the whole temperature range by an analytical
approach based on the expansion in powers of 1/D, where D is the number of spin
components. This approach works rather well since it yields exact results for
antiferromagnetic susceptibility and specific heat at 7= 0 already in the first order
in 1/D and it is consistent with HTSE at high temperatures. For the quantities
singular at T=0, such as ferromagnetic susceptibility and correlation length, the
1/D expansion supports their general-D functional form in the low-temperature
range obtained by Fukugita and Oyanagi. The critical index 5 calculated in the
first order in 1/D proves to be temperature dependent: n = 20/(nD) (6 = T/TMFT},
TMFD = J./D. J, is the zero Fourier component of the exchange interaction).

KEY WORDS: Low-dimensional magnets; spherical model; fluctuations; 1/D
(1/n) expansion; correlation function.

1. INTRODUCTION

The physics of low-dimensional magnets has attracted the attention of
researchers for several decades (see, e.g., ref. 1). Lately this interest has
increased in connection with the high-temperature superconductivity.®
For layered magnetic systems accurate quantitative results on the high-
temperature side can be obtained with the help of the high-temperature series
expansion (HTSE).”¥ For classical models the longest series for internal
energy and susceptibility were obtained in refs. 4 and 5. A comprehensive
review on the application of the HTSE to different lattice models can be
found in ref. 6.
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The HTSE approach works well for temperatures until below the
antiferromagnetic susceptibility maximum. Complementary to this, some
theories were developed primarily for the low-temperature range. In ref. 7
the renormalization group analysis was applied to the investigation of the
long-wavelength, low-temperature behavior of the quantum antiferro-
magnet as described by the quantum nonlinear g-model. A variational
approach to the low-dimensional Heisenberg magnets without long-range
order (“modified spin wave theory™) was proposed by Takahashi.®’ This
approach proves to be rather successful at T<J (J is the exchange
integral), as is shown by the comparison with the exact solution for the
one-dimensional classical Heisenberg model®’ and with the data of Monte
Carlo simulations and finite-size calculations for the square-lattice quan-
tum Heisenberg models. However, this variational approach breaks down
at T2 J and, on the other hand, it is nor a rigorous expansion in powers
of T/J in the region T <J. Another drawback of the Takahashi theory is
the impossibility of the generalization for the case of nonzero magnetic
fields, since the condition of zero magnetization at H =0 was enforced by
hand and cannot be relaxed. One more approach to the low-dimensional
Heisenberg magnets, the so-called “Schwinger boson mean field theory”'?!
based on functional methods, yields results almost equivalent to those of
ref. 8, but with the proper factor 2/3 in the zero-temperature susceptibility
of the Heisenberg antiferromagnet lacking.

In this article an analytical approach is proposed giving reasonable
results for low-dimensional classical ferro- and antiferromagnets at
arbitrary temperatures. The consideration sheds some light on quantum
systems as well, since their physics in the undoped case is to a significant
extent similar to that of classical ones.'*’ The idea of the method is the
expansion in powers of 1/D for the model of D-component classical “spins”
on a lattice introduced by Stanley''’ (see also ref. 27):

H=-HY m-1Y Jmm,, |m| =1 (1.1)
i Y,

In the limit D — oo this model is equivalent to the spherical model!'? and
exactly soluble. In our earlier works''*’ a kind of diagram technique for
classical spin systems was developed. This diagram technique proves to be
very convenient, in particular, for the calculation of the high-temperature
series. In ref. 13 the class of diagrams was located which survives in the
limit D — co and recovers the exact solution for the spherical model. For
three-dimensional classical Heisenberg and x-y models this class of
diagrams (the 1/z or self-consistent Gaussian approximation, SCGA)
results in an equation of state having an accuracy about 1% in the whole
range of temperatures and magnetic fields, including the determination of
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the phase transition temperature T.. It was shown that all other contribu-
tions to the physical quantities of a magnetic system contain explicitly the
powers of 1/D and can be classified by this parameter. This indicates a
possibility of a regular 1/D expansion in the framework of the diagram
technique for classical spin systems. Another version of this expansion was
used earlier in refs. 14 and 15.

Actually, the model (1.1) is a particular case of the more general
model"'? of D-component “spins” with only # < D components coupled by
the interaction J. It is clear that just » can be considered as the number of
the order parameter components determining the universality class of the
system in the critical region. The critical indices for three-dimensional
phase transitions obtained with the help of the 1/n expansion (see, e.g.,
ref. 16) are clearly independent of D. On the contrary, the nonuniversal
quantities depend on both D and n. Here only the case n=D will be
considered; the model with n< D is left for a subsequent consideration.

There are physical reasons by which the 1/D expansion for one- and
two-dimensional classical Heisenberg model turns out to be much more
efficient than one could expect considering the numerical value of 1/D for
D =3, and than it actually is for the calculation of the critical indices for
three-dimensional systems. The point is that already the first-order
approximation in 1/D gives the exact results for antiferromagnetic suscep-
tibility, internal energy, and specific heat at T— 0. Indeed, at 7'— O there
is a strong short-range order in the system, and each of the (D — 1) suscep-
tibilities of an antiferromagnet transverse with respect to the local spin
configuration tends to the classical transverse value 1/(2Jy) (J,=2zJ,
z is the number of nearest neighbors), whereas the longitudinal one
tends to zero.? Since there is no long-range order, the susceptibility of a
sample is given by the average over local spin orientations, which yields
x(0)=1/(2J,)- (1 — 1/D). For the Heisenberg model (D = 3) the D-depend-
ent factor makes up exactly the famous number 2/3. The internal energy of
a magnet per spin takes on its saturated value U(0)= —J,/2 at T=0—this
result is independent of D and can be used for checking calculations in
each order in 1/D. Then, it can be argued that the specific heat at T -0
is given by C(0)=0U/0T};_o=(D—1)/2 (only D—1 spin components
transverse to the local molecular field contribute to the specific heat). On
the other hand, on the high-temperature side the 1/D expansion recovers
the leading order terms of the HTSE. Thus, it is plausible that this
approximate solution, being well behaved on both sides of the temperature

> These arguments apply to bipartite lattices, such as the square lattice with the nearest-
neighbor interaction, where the short-range order forms two “sublattices” with opposite
magnetizations. This case is only considered throughout the paper.
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interval, cannot deviate substantially from the exact one in the inter-
mediate-temperature range as well.

Here the 1/D expansion for low-dimensional magnets is developed up
to the first order in 1/D. The remainder of the article is organized as follows.
In Section 2 the applicability of the 1/D expansion is checked for a “toy”
example of the classical linear chain magnet, for which the exact solution
is available for arbitrary D.“” In Section 3 the diagram technique for
classical spin systems is described. In Section 4 the self-consistent Gaussian
approximation for systems without long-range order is formulated and the
expansion of the SCGA results to the first order in 1/D is carried out.
In Section 5 the D dependence of diagrams is analyzed and the additional
diagrams of the leading order 1/D are found. In Section 6 the analytical
expressions of the 1/D approximation are put into more convenient form
and the low-temperature expansions for the internal energy and antiferro-
magnetic susceptibility of two-dimensional classical spin systems in the first
order in 1/D are produced. In Section 7 we investigate the low-temperature
behavior of ferromagnetic susceptibility and spin-spin correlation function.

2. ONE-DIMENSIONAL MAGNETS: A “TOY"" EXAMPLE

The arguments in the Introduction apply equally well to one- and
two-dimensional systems. It is convenient to check their applicability for
a particular case of the linear chain magnet with the nearest neighbor inter-
action for which at H=0 the exact solution is available''” and the 1/D
expansion can be obtained without any diagram technique. In particular,
the normalized internal energy U= U/U(0) (which for systems with n.n.
interactions coincides with the nearest neighbor correlation function
Ss={mymy>) is given by

U=BU/T);,  B(&)=1Ip(E)/Ip2-1(E) (2.1)

where B is the generalized Langevin function, and 7,(£) is the modified
Bessel function. The spin-spin correlation function S, reads''”)

Se=<{mom, ) = [B(J/T)]"! (22)

where the interatomic spacing is set to unity: a=1. In the Fourier rep-
resentation

. 1—B?
S=Y exp(zlu')S,=1 (2.3)

+ B*—2B1,
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where A, =J/Jo=cos(k), Jo=2zJ is the zero Fourier component of the
exchange interaction, and z=2 is the number of nearest neighbors. The
wavevector-dependent susceptibility of a ferromagnet is given by

l ;. X X l
X,(:?Zr: exp(zkr)(m'om‘,>=T—D Sy (2.4)

and the antiferromagnetic susceptibility i can be expressed through that
of a ferromagnet: x§F =y, _y, where b is the inverse lattice vector (for
the linear chain b=m). Since 4g=1 and A, = —1, for the homogeneous
susceptibilities with the use of (2.3) and (2.4) one gets

11+B  ,. 1 1-B
“=Tp1-B % T“Tpi+B (23)

The generalized Langevin function B(¢) in the above equations
simplifies for small and large arguments, for D odd and in the case D » 1.
In the region x=2¢/D> 1

- D—1 (D-1)D-=-3) (D—1)}D-3)

(2.6)

[for D=1 or D=3 the exponentially small corrections to (2.6) should be
taken into account]. For x <1

¢ & 288

Bm;ﬁ_DZ(D+2)+DJ(D+2)(D+4)_ (27)
In the case of large D in the first order in 1/D
BO=f(0) + s i)+ )= (28)
Dl1l+x 14+(1+x7)
Finally, for D=1, 3 the function B takes on the well-known forms
B‘f>={§§:((§))’_ 1/€, g;; 29)

Dealing with the D-component vector model described by the
Hamiltonian (1.1), it is convenient to choose the mean-field phase
transition temperature TMFT)=J /D as the energy scale. In terms of the
dimensionless temperature variable §=T/T™FD [¢=D/(20)] the low-
temperature expansions of internal energy (2.1) and dimensionless anti-

8227141219
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F

ferromagnetic susceptibility 757 =Joxa" of the linear chain model are as

follows:

Ugl—<l——;—>9+%<l—%)<l——)62 ;(1—5)(1—5)93
(2.10)

and

ZSFE%(I—IB)+£B<1—1D)0—%(1—1D)(1 12) ;2)92 L(211)

It can be seen from (2.10) and (2.11) that, indeed, in the one-dimensional
case specific heat and antiferromagnetic susceptibility at T — 0 are exact in
the first order in 1/D, and, generally, their nth temperature derivatives at
T — 0 are exact in the (n+ 1)th order in 1/D. At high temperatures (6 > 1)
with the help of (2.7) and (2.5) one gets for energy

I D 1 D? 1

U=— 2.12
20 D1280° D+ D168 T (212)
and for the spin—spin correlation function S, = 0%,
S~1+1+1+ I 1 D-21
0= 20°" D+220° D+280*
iD-4 1

—_— 2.1
(D+2)(D+4)86° (2.13)

[in the antiferromagnetic case the signs at the odd powers of 6 in (2.13) are
reversed ]. It is seen from (2.12) and (2.13) that at high temperatures the
1/D expansion correctly reproduces the leading term of the energy and the
three leading terms of the susceptibility. The general recurrence relations
for the coefficients in the formulas (2.12) and (2.13) can be found in ref. 17.

The temperature dependences of internal energy (2.1) and antiferro-
magnetic susceptibility (2.5) for the classical Heisenberg model (D =3)
together with the first-order approximation in 1/D obtained with the help
of (2.8) are represented below in Figs. 4 and 5. It is seen that, as
was argued above, the accuracy of the 1/D expansion is good enough, and
that the latter is a substantial improvement over the zeroth order in 1/D
(spherical) approximation. As could be expected, for internal energy the
accuracy is higher, and the two curves are almost indistinguishable. As we
will see below, the situation is qualitatively the same for the square-lattice
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ferro- and antiferromagnets, where the exact solution is unknown and the
diagram technique developed in ref. 13 is to be applied. This diagram
technique is described in detail in the next section.

3. THE DIAGRAM TECHNIQUE FOR CLASSICAL SPIN
SYSTEMS

The diagrammatic representation of the thermal average of any quan-
tity .« characterizing a classical spin system (say, & =m?, a=1,2,.., D)
can be obtained by expanding the expression

1 N
<d>=§j [1 dm, o exp(—B#);  Imj=1 (3.1)

j=1

(B=1/T and N is the number of spins in the lattice) in powers of the inter-
action part V;, of the Hamiltonian (1). The one-site averages of the spin
components with the “bare” hamiltonian 2 are determined by the
derivatives of the “bare” partition function %5,

go(f)=con5t'fﬂ(D/z_”]o/z—l(C) (3.2)

(E=1&|, £ =pH) with respect to the appropriate components £,. In the
diagram technique the main role is played by the cumulant averages, the
“bare” values of which are given by

0°4(¢)

<m1lm°‘2 .. .m1p>gum = Aouazu.az,,(é) = aéa; aéaz .. 'aéa,, (33)
where A(&)=In Z,(£). In particular,
A[8)=By(&) &, =B(E) &,/¢
Azﬂ(§)=BO(é)5a/3+Bl(§)éaéﬂ (34)
Aupy(8) = BUENE, By, + Epbou + E,8,5) + Bo(E) E,E4¢, '
Aupys(8) = By -3P(8,40,5) + By - 6P(£,850,5) + B3 &, 848,85
where
16\'B
B,,(§)=(E&> 7 (3.5)

B(¢) is given by (2.1), 6,4 is the component Kronecker symbol, and 2 is
the symmetrization operator. In the limit £ — 0 the quantities B, tend to
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the constants determined by the expansion (2.7), so in (3.4) only the first
terms of even-component cumulants survive.

The usual (noncumulant) averages, including the different-site ones,
are expressed through the cumulants

(mmP Yo = Aydy+ A, Ay

3.6
<mimbm o= Aup, 0+ Aug A, 05+ Ap, A 05 + Ay Ay + A, ApA, (:6)
etc., where 6, and 4§, are the site Kronecker symbols. In the graphical
language the decomposition (3.6) corresponds to all possible groupings of
small circles (spin components) into oval blocks (cumulant averages). The
circles coming from ¥, (the “inner” circles) are connected pairwise by the
wavy interaction lines, and the summation over their coordinates and com-
ponent indices is carried out in diagram expressions. One should not take
into account disconnected diagrams [those containing disconnected parts
with no “outer” circles coming from &/ in (3.1)], since these diagrams are
compensated for by the expansion of the partition function 2 in (3.1). The
consideration of numerical factors shows that each diagram contains the
factor 1/n,, where n, is the number of the symmetry group elements of a
diagram (the symmetry operations do not concern outer circles}). For prac-
tical calculations it is more convenient to use the Fourier representation
and calculate integrals over the Brillouin zone rather than lattice sums.
As the lattice sums are subject to the constraint that the coordinates of the
circles belonging to the same block coincide with each other [see (3.6)], in
the Fourier representation the sum of wavevectors coming to any block
along interaction lines is zero.

The diagram technique for classical spins is a generalization of the
“longitudinal part” of the spin operator diagram technique''®*'?’ and
reduces to it for the Ising model without transverse field. In this case
A.=B, A..=B', A...=B", etc. For the classical Heisenberg model the
present diagram technique proves to be much more efficient than the spin
operator diagram technique, since it takes advantage of classical properties
of spin vectors in the explicit form. An earlier approach close to the present
one is the linked cluster expansion.*®

To illustrate the rules of the diagram technique for classical spin
systems, let us calculate a few leading order terms of the HTSE for the
energy of a ferromagnet. The energy due to one spin U is given by the
average of the Hamiltonian (1), in which the summation over one of two
indices is “frozen.” The contributions to U up to the order 1/T* are given
by the diagrams represented in Fig. [, where the interaction line coming
from the Hamiltonian (1) (the outer interaction line) not participating in
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Fig. 1. The diagrams for internal energy of a classical spin system at high temperatures.

symmetry operations is designated by the straight line. The first diagram
yields

a’ ) D
U= ~v [ GBI Y AL (3.7)

x=1

where BJ, and J,/2 correspond to inner and outer lines, the integral is
carried out over d-dimensional Brillouin zone, and v, is the unit cell
volume. For hypercubic lattices vy =a“, i.e., vy=1 for a= 1. Then, dividing
(3.7) by U(0)= —J,/2 and adopting BJ,=(D/8) 4, in (3.7), one gets the
corresponding contribution to the normalized energy U,

~ D dq .,
U“’=§P2§A§,; P,,=UOJ s (3.8)

(2
For the linear chain 1,=cos(q) and P,=1/2; for the square lattice
Aq=13[cos(q.) +cos(g,)] and P,=1/4. Generally, for the n.n. interaction
P, =1/z—this result is obvious if one calculates P, as a lattice sum. The
cumulant 4, in (3.8) is calculated with the use of (3.4), (3.5), and (2.7) for
& =0; the obvious result is A4,, = [/D. Thus, """ = 1/(z0). The higher-order
contributions to U are calculated similarly. The sum of two equivalent
diagrams 2 and 3 is given by

-~ 2 /D\? 2
U(2+3)=5<§> Py AwaApgAuapp= Q7Y (3.9)
! o

In (3.9) the sum over «, § is calculated with the use of (3.4) [for £=0
the four-spin cumulant A,z =B (0)(1 +26,,)]; the factor 2! in the
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denominator is the number of the symmetry group elements n, of the
diagrams connected with the equivalence of the interaction lines of the lateral
“doubie-legged” fragments. The fourth diagram in Fig. 1 gives

U““=(%) P, Z A, z;‘ (3.10)

where P,=3/8 for the linear chain and P,=9/64 for the square lattice.
Finally, the contribution of the fifth diagram in Fig. 1 reads

U‘5’=(’0—> PM)ZAn/x/sl:3|51/3+21(1_5”’)] D+22° (3.11)

where P is the three-loop integral:

dq, d 1

PM’_ OJAdql(Zq)z 1 i‘lllq’lhl‘h*"l’*'q} 2_3 (3'12)
(the value of this integral is evident in the coordinate representation). The
combination in the square brackets in (3.11) is due to the fact that for o =
there are three identical inner interaction lines, and for « # f there are two
of them. The resulting high-temperature series for U (up to the fifth order
in 1/6°) for the square lattice model is

gL, 1D+41 LD2+3D—12L (313)
064 D+20° 256D+ 2)D+4) 6 T '

[cf. (2.12)]. For the zero Fourier component of the spin—spin correlation
function S, = 0%, of the square lattice ferromagnet similar calculations yield

3 - 4D+9 1 + 19D+50 1
0 40" 8(D+2)0° 64(D +2) 6*

00+ 147D+284 1
128(D+2)(D +4) 6°

So=

(3.14)

[cf. (2.13)]. It should be noted that one need not, however, consider the
diagrammatic representations for both U and S. It is more convenient to
calculate the diagrams for the wavevector-dependent correlator S, and then
to obtain energy with the help of the formula

1 dq
U= —EUOJWS,,J,, (3.15)
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In addition to the properties described above, the diagram technique
for classical spin systems possesses such a feature as the possibility of the
renormalization of interaction lines and blocks, which allows one to
perform extensive diagram summations. This will be demonstrated in the
next two sections.

4. THE SELF-CONSISTENT GAUSSIAN APPROXIMATION

The simplest infinite series of diagrams that can be summed up in the
spin diagram technique is the “tree” series comprising all diagrams with no
closed loops with integration over wavevectors.!'®’ Taking into account
only tree diagrams results in the mean-field approximation. For one- and
two-dimensional magnets having no long-range order these diagrams,
being proportional to powers of magnetization {m®), are equal to zero.
The next class of diagrams (which was summed up for the Ising model in
ref. 19) takes into account only pair correlations of the molecular field
acting on a given spin from its neighbors, which results in the Gaussian
statistics of the molecular field fluctuations. In ref. 13 the self-consistent
approximation for classical Heisenberg models based on a Gaussian set
of diagrams was proposed, which proved to be very efficient in three
dimensions. For the Ising model such an approximation was exploited
earlier in refs. 21-23.

The reduced version of the SCGA for systems without long-range
order is represented in Fig. 2. The analytical form of these diagram

equations reads
:m_epr: < > ]A(C)

= o | d®rexp(—r) A,20n) 1)

and
J,
e
_Azxaﬁjq

These are the system of nonlinear equations for the cumulant spin average
A,, renormalized by Gaussian fluctuations and the dispersion of these
fluctuations (normalized by temperature) /. With the use of the explicit
form of A,, from (3.4) and taking advantage of the symmetry, one can
simplify the D-dimensional integral (4.1) to

2 oD
M=Ww/z)fo dr r® exp(—r?) B(2'?r) (4.3)

AN
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Fig. 2. The self-consistent Gaussian approximation (SCGA) for classical magnets: (a) the
block summation for the cumulant one-site two-spin average A_,; (b) the Dyson equation for
the renormalized interaction.

It is convenient to introduce a dimensionless quantity G = (D/8) A,, [see
(2.10) for 8] and to rewrite (4.2) as

_ D _ dq 1
I= 2 PG~ 1], POI=v| e G4

For the square lattice with the n.n. interaction P(G)= (2/n)K(k), k=G,
K(k) is the elliptic integral of the first kind, and for the linear chain
G)=1/{1-GH)"

Generally, the quantities of interest, the normalized internal energy U
and the wavevector-dependent susceptibility of a ferromagnet y,, can be
expressed as functions of the compact (irreducible) part of the two-spin
correlation function A,,(q) comprising the diagrams that cannot be cut by
one interaction line:

0= d__ 1|\ s_D;
U_9< J.(27l') ]_G / 1)’ Gq_gAzz(q) (45)

and
i -G (4.6)
T 1-Guiy '
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The susceptibility of an antiferromagnet is given by 7= 7,_,, where b is
the inverse lattice vector [for the square lattice b= (n, m)]. It is seen that
the quantity A,,(q) is analogous to the self-energy part in other diagram
techniques. In the SCGA the quantity G is independent of wavevector, and
G — 1 at T— 0, ensuring the divergence of ferromagnetic susceptibility 7,.
Since 1, = —1, in the SCGA the antiferromagnetic susceptibility j, tends to
the classical transverse value 1/2 at T—0 instead of the proper value
(1/2)(1—1/D). To obtain the latter, one should take into account some
additional diagrams of the order of 1/D giving rise to the wavevector
dependence of A,,.

Before going beyond the SCGA, let us consider its properties in the
case D> 1. For large D the product r” exp(—r?) in the integrand of (4.3)
becomes sharply peaked at r=ry=(D/2)'* and the integral can be
evaluated by the pass method. In the first order in 1/D the result reads

D .

G=>1,

2 1
5 A = g fx0) + 5 Alx) + -+ (7

fx, D

I

where x,=2(2/,)"% l,=1/D, f(x) is given by (2.8), and

4x,
14 x5

4(xp) = I:—f(xo) +x0f7(x0) + x%f"(xo) + fz(xo):l (4.8)

1
20x,
In the limit D — oo the 4 term in (4.7) can be dropped, and the system of
equations (4.7) and (4.4) after the elimination of / reduces to the equation
for the quantity G in the spherical limit

OGP(G)=1 (4.9)

It is seen that G(0) monotonously decreases; G(0) = 1. For the linear chain
(4.9) can be solved analytically to yield G = 1/(1 + %)

The 1/D correction to the quantity G due to the 4 term in (4.7) can
be calculated perturbatively. For 6G determined by GS““*' =G +6G/D
[henceforth G means the solution of (4.9)] one gets

2P—1 2 (P—1)°
GP'+P"~ OPQ2P—-1)2(GP +P)

6G = (4.10)

where P= P(G) and P'=dP/dG.

To end this-section we consider the high- and low-temperature
behavior of the quantities G, 3G, P, and P’, which will be needed subse-
quently. At high temperatures (68> 1) the solution of (4.9) gives [see (3.8)
for P,]

G=0""'—P,0*+(3PI—-P)6°+0(07) (4.11)
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which is sufficient for the determination of P to the order 6 5:

=14 P07+ (P,—2P3) 0 *+ (Ps—6P,P,+TP3) 0+ 0(6~%)
(4.12)

Now one can calculate energy U= 8(P — 1) to the order #~°. In particular,
for the square lattice with n.n. interaction P,=1/4, P,=9/64, and
P¢=125/256, hence P,—2P3=1/64, P4—6P,P,+7TP3= —1/256, and
the D—-o limit of the expansion (3.13) is recovered. As
P'=2P,07'+0(87?), the quantity 6G of (4.10) is very small at high
temperatures: 6G= —2P30~7+ 0(6~%).

In the low-temperature region we focus our attention on the two-
dimensional case, where the quantity G is exponentially close to unity. For
the n.n. square lattice [see (4.4)]

1 8
~— ; —G< 4.
P(G) =~ ln<l—G>’ 1-G<«1 (4.13)
and G itself found from (4.9) reads
G=1-8 exp(—n/0) (4.14)

Now the quantities P and P’ are given by

1 —n N n
P=5+O<exp<—§->), P =nm=8nem(0) (4.15)
and the 1/D correction 4G, (4.10), reads

Ll (=0} 1] 1
66 — 5o ———(1_9/2),_},,[ 29+1+0(9)J (4.16)

5. THE 1/D EXPANSION

As we have seen in the preceding section, the self-consistent Gaussian
approximation yields the exact results for the spherical model in the limit
D — 0. This means that all other diagrams except those taken into
account in Fig. 2 are small for D> 1. Our task in this section is to choose
among them the diagrams whose leading terms are of the order of 1/D. For
the estimation of diagrams in the case D> 1 it is convenient to use the
scaled variables x =2¢/D [see (2.6)~(2.8)] and 6= T/T'™M"" = TD/J, [see
(2.10)], whose characteristic values are of order unity. Now it is seen that
each inner interaction line gives the factor D:pJ,=(D/8) A, and the
cumulant spin averages determined by (3.3) are proportional to

Agyayorn, 0 DV (5.1)
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The estimate (5.1) shows that for D> 1 the unification of two smaller
blocks into one larger one gives an additional factor 1/D. Indeed,

A A c(D27m~n

X x2 %n An+l " Xn+m

whereas
A o Dl —m—n

XA Dy

The third source of D dependence of diagrams is the summation over spin
vector components. For D> 1 each summation yields the factor D in the
leading order, which corresponds to the combinations of component
indices maximally different from each other. In particular, in the summa-
tion over «, 8 in (3.9) the contribution of the terms with 4,,,,(0)=3B,(0)
is of order D, whereas that of the terms A,,34(0) = B,(0) is of order D2

For an illustration, consider the D dependences of the HTSE
contributions to energy calculated in the preceding section. These are
UM o D-(1/D)*-Doc 1 (one inner interaction line, two blocks A,,, and
one summation over a), U?** o D*.(1/D)?-(1/D*)-D*c 1 (three inner
interaction lines, two blocks 4,,, one block A,,4s, and two summations),
U%oc D3 (1/D)* - Doc 1 (three inner interaction lines, four blocks A,
and one summation), and U oc D* - (1/D%)*- D*> «c 1/D (three inner inter-
action lines, two blocks A, and two summations). Note that the
diagram 5 in Fig. 1 having larger spin blocks is of a combined smallness
bearing two additional small factors, 1/D and 1/z, in comparison with
other diagrams in Fig. 1. This is a general feature making the 1/D expan-
sion developed here and the “l/z approximation” (SCGA) developed
earlier''® strongly connected with each other.

Now, the additional set of diagrams for the compact part A,, of the
leading order 1/D chosen with the help of the estimation method given
above is represented in Fig. 3. Keepling only the lowest order terms in 1/D,
one can write down the analytical expressions for the four contributions
to 4,,:

- 1 2 0¥ 49 4
ALI)=5 VOA;aﬁpAauBﬂ)'Tvo.[W Vq !
N N
A;1’=§LoAiaﬂﬂv°IWAq 4

(5.2)

- | - dq
A (131) = 5 Aaa/i/}A xaf3fiyy UO J‘ W Vq Vq

dq ﬂjk—q

%
Q0 1- 1,87, _,

q

AZK) = A7 p500
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Fig. 3. (a) The additional diagrams of the order of 1/D for the compact part A,, of the spin
correlation function {m*m*}; (b) the ladder equation for the four-spin correlation line.

n (5.2) 4,,=0G/D, the quantity G is given by the solution of (4.9),

f Blas
(2n)"1—A,,/31 1= AuBdy -,
dp( BJ, )2 BJq s
Cmy*\1-4,.8J,) 1=A,..BJ,_,

(5.3)

A.,=Duoj

and I7q =V L=V /(1 - /T,,,,,j V,). The factors D in (5.3) are the results of
summation over spin vector components. The four- and six-spin cumulants
/Tm,m and /La,mw (x¢# B +#y) are given by formulas analogous to (4.1). In
the leading order in 1/D only the first terms of the expressions (3.4) should
be taken into account. Calculating the Gaussian integrals by the pass
method in the lowest order in 1/D, one gets

+ (2 S(x)
A“”’Jz(D> (\'d\) X

- {2 fix)
A"M’""=<D) (\ d\) x

X =2xp

X=xp
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where f(x) and x, are given by (2.8) and (4.7). With the use of the explicit
form x,=2{P(G)[P(G)—1]}"? the quantities 4,55 and A,,4, can be
expressed as functions of G:

- 2\* 1 - AN 3P—1
tonx=(3) s Awe2() GEvar e O

To get the expressions for energy U and susceptibility J, in the first
order in 1/D, one should represent the quantity G, in (4.5) and (4.6) as

2 4

A 1 D

i=1

[0G is given by (4.10)] and expand the expressions (4.5) and (4.6) in the
first order in 4G. For energy one thus gets

1
U= —4U 5.7
Vot (5.7)

where U,=60(P—1)=1/G—80 is the normalized energy in the spherical
limit and

. dq 1,4G
AU=0vy | ——3—"" 5.8
o) 2ny (1-Ga,)? (58)
The result for the susceptibility reads
G 1 4G
= ; (59)

“1—6n DU=Gn)

Further, collecting all terms of (5.2) into 4G, (5.6), and making some
rearrangements, one gets

where
2G ) dq 2G
GP'+P °J(2r)'r(1-Gi,)
G? J dq 1 0r,

1% 511
P+ Pl 2n)r, 96 (11

AG(]=

P'=03P/dG, P(G) is given by (4.4),

dp 1 1

2n)? (1=Gi,) (1—Gly_,) (>-12)

I'q=l)0
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and
dq 1 Ae—Aq x
()Y rg (1 = GA (1 = GAq_y)

My =2G%, | (5.13)

At zero wavevector (k=0) the quantity M, vanishes, and in (5.10)
4G, =A4G,. The results analogous to (5.9)-(5.13) were obtained by a
different method in refs. 14 and 15. With the concrete form of 4G, the
expression (5.8) for 4T simplifies to

2P t f dq_1dr,
P(GP'+P) GP'+P °J)(2n)'r, 0G

U= (5.14)

Before further processing of the formulas obtained, note that the
analytical structure of the 1/D approximation for two-dimensional classical
magnets, characterized by the repeated integrations over the Brillouin zone,
is much more complicated than that of the one-loop theories,®'? and it
requires some work to produce low-temperature expansions of physical
quantities and to rearrange the formulas obtained to the form convenient
for numerical analysis. The details of calculation will be given in the next
sections. Now we make some comments on the general analytical structure
of the 1/D approximation. As is known, in one- and two-dimensional
magnets with continuous symmetry long-range order is “washed out” by
long-wavelength magnons, which reveals itself in the divergence of the one-
loop integral of the type (4.2) at T< T, if one starts from the mean-field
approximation. In three-dimensional systems‘'*’ this integral determines
the spin-wave correction to magnetization. In low-dimensional case this
divergence is removed at any 7'# 0 by the gap in the magnon spectrum. At
T — 0 this gap goes to zero with the quantity 1 — G, and the integral / of
(4.2) goes to infinity. The question is how to reconcile this divergence with
the finiteness of most thermodynamic quantities of low-dimensional
magnets at T'— 0, which must hold in each order in 1/D. This question is
solved differently in Takahashi’s modified spin wave theory'® and in the
self-consistent Gaussian approximation. In Takahashi’s theory the con-
straint is imposed by hand that the total magnetization, i.e., the ground-
state value minus the spin-wave correction, be zero. In the SCGA all
powers of the divergent one-loop integral / are summed up, which ensures
finiteness of energy and antiferromagnetic susceptibility at 7 - 0 and yields
exact results in the spherical limit D — oo. In the 1/D approximation there
is no analog of the Gaussian diagram series (the further terms of such
series would be of higher orders in 1/D), and two-loop integrals diverge
even stronger than the one-loop integral / at T— 0. This divergence is
restrained by the ladder diagram sequence for the four-spin correlation line
(see Fig. 3b).
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6. INTERNAL ENERGY AND ANTIFERROMAGNETIC
SUSCEPTIBILITY

In this section the expressions for physical quantities of two-dimen-
sional magnets more convenient for numerical calculations and low-
temperature expansion will be worked out. First, the function r, of (5.14),
which plays a major role in the theory, is divergent at low temperatures
(G- 1) and ¢ — 0. In the long-wavelength region (x=g%/4< 1) r, is given
by

— x<ec;, c=1-G<«1

9 2 x 8\ =
—In{-]; x>»c¢;, In(-)==
X ¢ c 0

(the expression for r, in the general case x~c is given in Appendix C).
For convenience of the evaluation of the integrals in (5.11) and (5.14) we
introduce a less singular function i, determined by

~
11

(6.1)

CLordp =Gl o, 1
O Formron it L S UL USRS

In the region x <1

IR

Ve (6.3)

2
-ln<§>—1; x>c
T x

ie, ¥, is only logarithmically divergent at small x and is not large at x ~ 1
[cf. (6.1)]. At low temperatures the “staggered” value of y, is given by
Y= —1+ O(c). Now with the use of (6.2) one gets

_ 1—ay,
_(2P—1)1_GAQ (6.4)
and
dorg 2 A AGP=2P+1) | A (65)
r0G G 1-G2, G2P—-1) l—ay, l—ay, 3G ‘
where
a=-2 (6.6)
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In (6.5) the term with P’, which is exponentially large at small tem-
peratures [see (4.15)], contains the main contributions to the integral
(5.12) coming from the regions p=~0 and p=q. In the long-wavelength
region (see Appendix C)

_—= 6.7)

5, 2 (v) 6
——In{-]4+4—; x>»c
¢/ mx

ie., the derivative 0y ,/0G behaves similarly to ry, (6.1). With the use of
(6.4) and (6.5) the expression for 4G, (5.11), can be put into the form

G(P+3) 26 3P—1 G?
Go GP'+P GP +P2P—1"' GP+P’ (6.8)
where
_ dq . _ dq a oy,
= UOJ )1 —ay,’ 2T UO.[(27[)" 1—ay, 0G (69)

Now it is explicitly seen that 4G, is exponentially small at low tem-
peratures, as it should be. For the 1/D correction to energy (5.14) one gets

26P' —P(P+1) 2aGP —2P+1 1

A0 = - I
GP(GP+P) G GP+P ‘tTerrrp

L (6.10)

For the calculation of antiferromagnetic susceptibility x§F = x,, the quantity
My, (5.13), is needed. Taking into account the identity 4, ,= —4,, one
can transform M, to

dq [ Ay (6.11)

M, =4
b "”°J(2n)d1—a¢q1+czq

Here at low temperature (G — 1) the integrand diverges at q —b. Since
Yp= —1+0(1 —G), it is convenient to break up (6.11) into two parts:
My=M® + M", where [see (6.6)]

4a dq A 4G(P—1)
MO = 1i_ - _ .
b l+aUOJ‘(2n)"l+qu 2P—1+G° (6.12)
and
4aG? dq 1+y, A
1y _ s 1y L= q q :
My =p_1rah ’ UOI(Zn)"l—awa+G}.q (613)
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The expressions (6.10)—(6.13) are convenient for both numerical
calculation and low-temperature expansion of the internal energy and
antiferromagnetic susceptibility of two-dimensional magnets. For the
internal energy (6.10) at low temperatures, omitting exponentially small
terms, with the help of (4.15), one gets

AT =20-"2al, (6.14)

Since at § <1 the quantity a=(6/2)/(1—-6/2)<1 and ¢, are integrable
functions [see (6.3)], one can expand (6.14) in powers of ay, and then
of 6. As a result one gets [see (5.7)]

[7 ~ S I Z__ , 3 . 1
U=1- (l D)B 2D(1+W)9 (1+2W,+W)0 (6.15)

where (G— 1)

_ dq dpdq A, q— 4,4,
Wi=o [ ara¥a=td TR RTe
4 (6.16)
w, Uoj(Z:)dwi

The integrals W, depend on the lattice structure alone and are in some
sense analogs of the Watson integral for three-dimensional lattices. Note
that in the low-dimensional case two integrations are needed to ensure
convergence of lattice integrals. For the square lattice with n.n. interaction
W,=0 and W,=0.534. The formula (6.15) should be compared with
(2.10).

The low-temperature behavior of the antiferromagnetic susceptibility
in the 1/D approximation [see (5.9)] is determined by the term A, alone,
since all other contributions are exponentially small. For M, one gets

2

0
Mb=—2(1—9)+1_—0/213 (6.17)

which results in the low-temperature expansion
1 1 1 w 74
SAF 1p2 23
== {l—=)4+—=0+— — e 6.18
X6 2(1 D>+2D9+4De +8D6+ (6.18)

where (G=1)

. dq

w,= (27t)”1+l (L+y,) (6.19)

82274 1-2-20
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are the other analogs of the Watson integral. For the square lattice with
n.n. interaction, W, =0.0935 and W, =0.470. The formula (6.18) should be
compared with (2.11).

The numerical results for internal energy (5.9) of the square lattice
classical Heisenberg model (D =3) obtained with the use of the formulas
of this section and the numerical solution of Eq. (4.9) for the quantity G
are represented in Figs. 6 and 7. The comparison with the results of the
other methods (HTSE,*® MC simulations®®’ shows that the 1/D
approximation is fairly reasonable in the whole temperature range. The
accuracy of the 1/D approximation in two dimensions is comparable with
that in one dimension (cf. Figs.4 and 5). Useful formulas for numerical
calculation of ¢, are developed in Appendices A and B. N

A propos of the results obtained at low temperatures for energy U and
antiferromagnetic susceptibility 74F, it should be noted that both quantities
are determined by the short-range order. Correspondingly, the formulas
(6.18) and (6.21) contain integrals determined by the whole Brillouin zone.
For the long-wavelength quantities such as ferromagnetic susceptibility ¥,
and spin-spin correlation function S, the situation is more subtle, and
nontrivial long-wavelength integrals appear in the calculations. This is the
subject of the next section.

7. FERROMAGNETIC SUSCEPTIBILITY AND SPIN-SPIN
CORRELATION FUNCTION

For the calculation of the ferromagnetic susceptibility ¥, of two-
dimensional classical magnets at low temperatures one has to consider the
exponentially small 1/D corrections to the quantity G in (5.6). It is seen
already from (4.16) that the 1/D expansion for the ferromagnetic suscep-
tibility is not homogeneous and fails in the vicinity of the singularity point
0=0, where 1/(Df)z 1. Nevertheless, as we will see below, the
inhomogeneity of the 1/D expansion does not impede the determination of
the true form of singular quantities at 6 < 1.

Taking into account that in (6.8) P~ 1/6 and I, =1 + O(6), one gets

AGOE%[5—12+O(6)] (7.1)

The integral /, can be represented as I, = I,,+ I,,, where

dq oy, 21:00.[ dq a? %

(2n) 3G’

I =
0= 4bo J 2r)' 1 —ay, 0G

(7.2)
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The integral I,, can be calculated with the use of (6.2). In the low-
temperature range, neglecting exponentially small terms, one gets

Izoga%[(l— G)( —1)]~—%+i+l+0(9) (7.3)
[see (4.15)]. The integral I,, is more complicated and it is calculated in
Appendix C. Here we note that because of the factor a® oc 8% in (7.2) the
contribution to /,, from the main part of the Brillouin zone (g ~ 1), where
Y 4/0G ~ 1/0, is O(8) and may be neglected. Thus, for the calculation of /5,
the long-wavelength form of i, can be used. The result of the calculation
reads

13 134
12,;——+;1n<g)+z—;+;m(2)+y—:+0(9) (7.4)

where y,=0.273. Now, adopting (7.3) and (7.4) in (7.1) and inserting 4G,
of (7.1) into (5.6), one gets

- n 2n 3
1—GO=8exp<—— 5)<I_E+B]n0+D> (7.5)

where ¢y =1 — 2 + In(167*) + yo = 7.62. The expression for 1 — G, should be
adopted in (4.6). The 1/D corrections becpme high at small 6. This means
that the actual form of the quantity 1 — G, in our approximation is

o~ Co\ g-3p _r 2
1 Go=8<1+D)9 exp[ 0(1+D):| (7.6)

The latter is consistent with the functional form of the result obtained by
the Monte Carlo renormalization group analysis for arbitrary D,

Fo=cp0¥P- Z’exp(gDD 2>

cy=(1.62-2.68)-10°3 (1.7)
c;=(1.41-2.12)- 103
cs=1(7.30-9.08)-10?

It is seen that it is difficult to determine the prefactor ¢}, in (7.7) by the 1/D
expansion, which is reflected in the large value of the constant ¢, in (7.6).
In the case D=2 the expression (7.7) goes to infinity, which corresponds
to the diverging of susceptibility in the temperature range below the
Berezinsky-Kosterlitz-Thouless transition.
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The correlation length ¢ and the k-dependent spin-spin correlation
function S, are determined by the small-k (k<1) behavior of the
denominator of (4.6):

1 =Gy h =1 —Go+k*4— M, /D (7.8)

where 1 — G, is given by (7.5) and the expansion 4, = 1 —k?/z (z=4) was
used. It can be shown that at k <1 and 6 <1 the relevant contribution to
M,, (5.20), is due to the long-wavelength region g <1. The details of
calculation are given in Appendix D. The correlation length is determined
by ¢ =x !, where k = ix is the zero of (7.8). In the spherical approximation
(D = 00) %= g, xg=32 exp(—n/0). In the first order in 1/D it is sufficient
to calculate M, for k =k, =ixy. As a result one gets

2ot (2 2 1 a
w=¢ —32exp< 6)(1 D0+Dln6+D) (7.9)

where ¢, =c,—In(n)+7,=7.36, y, =0.8811. This is also consistent with
the functional form of the result of ref. 25,

(7.10)
cy=451; ca=39.2; cs=19.0

but again the prefactor ¢, here cannot be compared with the result of the
1/D expansion. Thus, one can conclude that the 1/D expansion works well
for calculation of the physical quantities of two-dimensional ferro- and
antiferromagnets nonsingular at 7=0, such as internal energy and
antiferromagnetic susceptibility, and that it is less efficient in comparison
with other methods for the analysis of the singular ones.

The spin-spin correlation function S, in the 1/D approximation
proves to be of a non-Ornstein-Zernike form. The calculation of M, at
x <k <1 (the details are given in Appendix D) shows that in the region
In(k/x)> 1, ie, (8/n)In(1/k) <1 (this condition requires larger values of &
than just k& > x) the wavevector-dependent susceptibility g, = S,/0 is given

by
1 1 20 (1 I
— kW, =1 ——= - Nl 1=\ 280 .
K= D[l+nln<k>]_<] D>k (7.11)

which implies S, oc 1/k* ", n=20/(nD). The dependences of —In(k>F,/4)
versus In(1/k) for different values of 6 are represented in Fig. 8. It can
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Fig. 8. The non-Ornstein-Zernike behavior of the spin—spin correlation function S, = 0%,

of the square-lattice classical Heisenberg model in the 1/D approximation; (1) 0=0.1;
(2) §=0.05; (3) 6=0.025.

be seen that the linear dependence is realized only at sufficiently small
temperatures and large wavevectors. Note that in the one-dimensional case
[see (2.3)] the correlation function has the Ornstein—Zernike form.

8. DISCUSSION

In this article the 1/D expansion for classical spin systems on a lattice
has been developed and applied to two-dimensional Heisenberg ferro- and
antiferromagnets. It proves that for the quantities nonsingular at T=0,
such as internal energy and antiferromagnetic susceptibility, the 1/D expan-
sion is uniform for all temperatures and works rather well for D =3. The
reason is that the exact results for thermodynamic quantities at T=0 are
recovered already in the first order in 1/D and the 1/D expansion is con-
sistent with HTSE at high temperatures. For singular quantities, such
as ferromagnetic susceptibility and correlation length, the 1/D expansion
is inhomogeneous at low temperatures, but, nevertheless, it yields the
asymptotic forms of the singular quantities at # <1 [see, e.g., (7.5) and
(7.6)].
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An important feature of the approach proposed here is the corre-
spondence between the order of the 1/D expansion and the number of loops
(i.e., the number of independent integrations over the Brillouin zone) in the
diagrams taken into account. That is, in the zeroth order in 1/D (spherical
or self-consistent Gaussian approximations) all one-loop diagrams are
taken into account (see Fig. 2) and the approximation of the first order in
1/D is given by two-loop diagrams (see Fig. 3). It is expected that the three-
loop approximation of the order 1/D* would be a substantial improvement
at low temperatures, since it yields, in particular, the exact values of both
x*F(0) and 0y /0T |1 _o.

It is interesting to note that using the conjecture that the coefficients
in the low-temperature expansions of energy and antiferromagnetic suscep-
tibility are polynomials in 1/D allows one to determine exacrly one addi-
tional coefficient in each order in 1/D. For example, the coefficients in the
terms of orders 62 in (6.15) and 8 in (6.18) for the two-dimensional classical
model become exact only in the second order in 1/D {cf. (2.10) and (2.11)].
Nevertheless, these coefficients can be determined exactly with the use of
the present O(1/D) results and the additional condition that for D=1
(S=1/2 Ising model) they vanish (there are no powers of temperature in
the low-temperature expansions, only exponentials). As a result, these
coefficients acquire additional factors (1 — 1/D}):

- 1 1 I ,
U=1—<1—B>9—5<1—5)(1+W,)9 + e (8.1)

1 1 1 1
.'AF—— —_— —_— —_ "
i _2<1 D)+2D<1 D)6+ (8.2)

[recall that for the square lattice W, =0; see (6.16)].

The fact that at low temperatures the 1/D expansion yields exact
results for specific heat and antiferromagnetic susceptibility up to the nth
order in temperature in the (n+ 1)}th order in 1/D can be used for the
development of the low-temperature expansions of the physical quantities
of spin systems. However, this way seems to be too indirect and heavy. It
would be better to obtain the low-temperature expansions directly using
the small parameter 6 < 1. But for systems without long-range order the
situation at <1 is not so simple as for three-dimensional ones, and this
problem requires a special investigation.

Comparing the present results with those of the other lattice theories
for low-dimensional magnets, we note that the latter do not go beyond a
one-loop approach. The most successful of them proposed by Takahashi®
for the Heisenberg model proves to be rather good at low temperature.
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For the one-dimensional classical Heisenberg model, neglecting small
exponentials, Takahashi’s theory yields

~ 2. S L

Uzl=38 I =375
[cf. (2.10) and (2.11)], which reproduces the exact results (2.1) and (2.2)
with the accuracy of the order of exp(—3/8). Comparing this with the 1/D
expansion [see (2.10) and (2.11)], we conclude that (8.3) actually contains
all powers of 1/D and, accordingly, all relevant many-loop diagrams. It
does not necessarily contradict the one-loop nature of the Takahashi
theory, since the latter is based on variational, rather than on a pertur-
bative approach, and in the one-dimensional case all many-loop integrals
can be calculated analytically giving simple results. In the two-dimensional
case the situation is different, because already two-loop integrals over the
Brillouin zone cannot be calculated analytically. For the square-lattice
classical Heisenberg model, neglecting exponentially small terms, the
results of the Takahashi approach can be expressed in the form?

B<1 (8.3)

~ 1 4 \1? { 2 1 2
~— ] —= el —Zf - =g — ...
U_z[l—i—( 36> :| 39_1 39 99 278 {8.4)
2 5
gar o 2 : =l lgi el 83

Yo =314 1—43)617"3

These results should be compared with (6.15) and (6.18) for D=3 [cf. also
(8.1) and (8.2)]. Whereas the factors 1/9=(1/2D)(1—1/D) in (8.4) and -
(8.5) seem to be correct, in contrast to the factors 1/(2D)=1/6 in (6.16)
and (6.18), it seems unlikely that all many-loop integrals over the Brillouin
zone in all orders in 1/D could fold into simple numbers like 2/27 and 5/81.
Comparison with the MC simulation results for energy'’ (see Fig. 6)
shows that actually the 1/D expansion is not worse than (8.4) and (8.5) at
low temperatures and is remarkably good in the whole temperature range.
It would be very desirable to make such a comparison for antiferromagnetic
susceptibility. Another interesting task is to generalize the Tkahashi theory
for arbitrary D and to compare it with the 1/D expansion.

As for ferromagnetic susceptibility y, and correlation length ¢ in two
dimensions, the 1/D expansion supports the arbitrary-D RG results (7.7)
and (7.10) obtained by Fukugita and Oyanagi,'**’ which for D =3 take on
the form

3 3
So = 03o0c 0% exp (g) Eoc fexp (%) (8.6)

3 The low-temperature expansion ol the antiferromagnetic susceptibility of the square-lattice
classical model produced by Takahashi himself seems 10 be incorrect.
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as well as similar results by Shenker and Tobochnik®*' obtained earlier
for the classical Heisenberg model. On the contrary, the preexponents
proportional to 82 and const for S, and & obtained by Takahashi and some
other researchers seem to be incorrect.

An interesting problem, the investigation of which is planned for the
nearest future, is the calculation of the physical quantities of low-
dimensional magnets in the presence of a magnetic field. This problem is
significant for both one- and two-dimensional systems and it cannot be
handled with such theories as that of ref. 8. The underlying physics is non-
trivial here, as is reflected by the impermutability of limits 7T—0 and
H — 0. In particular, for the antiferromagnetic susceptibility of bipartite
lattice systems we have lim,_ ¢ lim, _,x(H, T)=1/(2J,)-(1—1/D) and
lim, _olimy_ o y(H, T)=1/(2J,). The general functional form of y(H, T)
in the 1/D approximation containing these features can be determined
regularly in the framework of the method proposed.

APPENDIX A. THE FUNCTION wy_ FOR A GENERAL LATTICE

The function 4, (6.2), is not divergent in the low-temperature limit
(G — 1) at q#0, because the numerator of (6.2) compensates for the small
value of the denominator at p=0 and p=q. However, the integral (6.2) is
still inconvenient for the direct numerical calculation since the integrand
has singularities at p=0 and p=gq. In particular, for p<1, A,=1-0(p?)
and A,_,=A,—n,p—O(p?), where B, =04,/0q; thus the integrand
behaves as p,p/p’. This singularity gives zero contribution to the integral,
but it can spoil numerical results. To remedy this drawback, we make some
identical transformations of (6.2) to get a nonsingular integrand. First,
{6.2) can be written as

I rdp 1,—Gili_, ( ! ! >
_! Al
Va GUOJ(Zn)’IZ—G(ipﬁ-l T~z " 1-6i, ) WV

Since the two parts of (A.1) give the same contribution to ,, one can drop
the second term in the square brackets and multiply the first one by 2.
Then the integrand can be symmetrized with respect to the change of the
sign of p:

lvj dp 1 [ ha=Glyda—y | Aq=Glylass
G ) 2nY1=GA, | 2=G(A,+ Aq_,)  2—GlAp+4q4,)

a-s)

Kbq:

] (A.2)

Here the integrand is well behaved at p=0, and (A.2) is convenient for
computations.
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APPENDIX B. THE FUNCTION y, FOR THE SQUARE LATTICE

For the square lattice with the nearest neighbor interaction
Ay = 3(cos k+cos k,), and in the expression for the function ¥, (6.2), one
can perform one of the integrations over p,, p, analytically. In fact, it is
more convenient to calculate the function rg, (5.12), first, and then to
determine ¢, from (6.2). For ry with the use of formula (1.5.9.32) of ref. 26
one gets

=" Z06,

_i a, —a_cos(q,) a_—a, cos(q,)
Q—g[ (a{_gz)l/z + (az+_g2)1/2 ] (B.1)

D=(a,—a_)*+(1—cosq.)[2a,a_—g*(1+cosq,)]
a,=1—g-cos(p,+q,/2); g=G/2

It can be seen that in the low-temperature limit (G — 1, g — 1/2) both
terms of Q, (B.1), are divergent at q — 0, whereas Q itself remains finite for
p,#0. To put it into explicit form, we transform the expression for Q to

I—COS(q_r)<a_+ a;) l(a,—a )(a,+a_)

0=—% 5.5 )79 s.5s.5.+5)

(B.2)

where S, =(a% —g”)"”. At low temperature the function Q is singular at
p.= tq, /2 which hampers the numerical integration over p,. Thus, it is
more convenient to write down the quadrature for , directly, which with
the use of the identity

-

*~dp, 1
J_n 2n Si_P(G)

can be transformed to the final form

1 (~d !
Vo= sz %[&+E—1—(I—qu)Q(p,-»q)} (B.3)

In the limit 7—0 the integrand of (B.3) becomes discontinuous (but
not divergent) at p.=g,/2. This must be taken into account in the
computation of /.
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APPENDIX C. LONG-WAVELENGTH INTEGRALS FOR
FERROMAGNETIC SUSCEPTIBILITY

The function ry, (5.12), in the long-wavelength (x=g4%/4 < 1), low-

temperature (1 —G < 1) region can be calculated analytically in a
straightforward manner. For the square lattice the result reads

'qi_zir()) y=x/c; c=1-G<«1 (C.1)

() =3 s [y(r+4)1" {y+2+[y(y+4)]“2}]
r(y)—z[y(y_“‘)],/zln[l-f- 5

It is seen that #(0)=1/2 and #(y)=In(y)/y for > 1 [cf. (6.1)]. Then, with
the same assumptions, the derivative dy,/0G can be calculated with the
help of (6.2) and (C.1) to yield

6_1//~_2_ o v }7—2~
4G " cn l:‘(") y+4 r(_v):l

[y(y+4)] 7222 +Ty+4)+2p° + 11y + 14y 2
((y+4){[y(y+4)]”2+y+1} )
x{[y(r+H]1" (y+2)+ y* +4y +2}

(C2)

v(y)=3

The limiting forms of v( ) are v(0) =3/4 and v(y)=3/y for y» 1 [cf. (6.7)].

Now we proceed to the calculation of the integral I,,, (7.2). The
relevant terms of I,,, i.e., those O(1/8) and O(1), are determined by the
long-wavelength region. However, one cannot simply extend the integra-
tion in (7.2) to infinity, since in this case the integral will diverge at the
upper bound. Thus, we express in (7.2) ¥, through r, with the use of (6.2)

and write
f a] Wy
m) | r all —Gi J oG

1 2a 1’_—_2~
nf [(1’+1)r( ) n}["("’)_,v+4’(”] (€3)

where the upper bound corresponds to g* ~x= /4 ~ 1. Then we break up
I, into two parts: I, =I5, + I,,, where

1 e 1 e
o=y @/ Lu=s[T OG-0 (€4



1/D Expansion for Low-Dimensional Magnets 307

f(p) is the integrand of (C.3) and f(y) is its asymptotic form in the range
y> 1. We use [see (C.1) and (C.4)]

1 1 2a
fo(}’)=m[W—F]P—lﬂ(}*m] (C.5)

where the parameter p > | is adopted to ensure the convergence of I,,, at
the lower bound y = 0. Evaluation of 7,,, with the use of a = (6/2)/(1 — 6/2)
[see (6.6)] and In(8/c)=n/0 [see (4.13) and (4.15)] yields

13 31 3 I
Lyo= ——+2In{ ) =24-—ZInln(p)+ ~In(p)+ 0(8)  (C.6)
20 n 7] n 4 =n n

Now, since the difference f(v)— fo(y) in I5,,, (C.4), rapidly diminishes
with the increasing of y, the integral I,,, is determined by the region y ~ 1
(x ~¢), and the upper bound in /,,, may be set to infinity. Neglecting the
terms with a which are O(f), one gets

12,,=%]n(2)—%ln(p)+%lnln(p)+y—7f+0(6) (C.7)
where
},0=_3lnln(p)+rdv[ U 3 }=0.273 (C.8)
o ~Ly+DFAy) (y+p)In(y+p)

It is obvious that y, is independent of p. The resultant expression for /5, is
given by (7.4).

APPENDIX D. LONG-WAVELENGTH INTEGRALS FOR THE
SPIN-SPIN CORRELATION FUNCTION

In this Appendix the long-wavelength form of the quantity M,
(x,=k?*/4<1) in the low-temperature region will be developed. Since
rq~1/0 for g ~1 [see (6.1)], the main part of the Brillouin zone yields a
small contribution to M, (5.13), being of the order of a~ 8 < 1. Thus, in
the calculation of M, one can use the long-wavelength approximation:

(D.1)

27 g fom) kg T
o Tt T4l YHEDY)

where A ~ 1, 7(y) is given by (C.1), y, = x,/c = k?/(4c), and I is the average
with respect to the angle of the vector q:



308 Garanin

) g Ag—=Aq-w _ 3
x5 =52 [ deo 7=t = nTn o) (D2)

~ 1 l+y ]
Iy yi)=—| 1+ :
(7 7) ,vk[ [+ 77 70— dp]”

For small k (y, <1, ie., k< 1/§)

y—1  yi—dy+1i
(y+1) (y+1)*

Iy, yi) = e+ O(y3) (D.3)

The integral (D.1) can be treated with the same method that was applied
to I, in Appendix C. Using the asymptotic form I~ 1/(y + p), one gets

k? n
M, =~ —Z[ln (5>—f(yk)+0(6)] (D.4)

where

1 . 7(_}), yk)
In(y+p) (y+1)F(y)

f(yk)=lnln(p)+f: dy[(yﬂ)) ] (D.5)

and p > 1. For the calculation of the correlation length £ =3 ' in the first
order in 1/D it is sufficient to calculate M, for k =ky=ix, (3,=4c), ie,
for y, = —1. This should be done carefully, since I(y, —1) is divergent at
y=0. So, we write f(—1)=f, + f|, where

o 1 -
fo=2j0 dy [y—+—p—1(y, —l>]=2[2—ln<p)] (D.6)

and

- 1 !
fi=In 1n(p)+f0 dy {—y+p [m_z]

- 1
Iy, =) ———— 7
. ’[(yﬂ)f(y) 2]} (D7)

has a well-behaved integrand [F(0)=1/2]. As a result of computations one
gets f(—1)=0.8811. For a comparison, the small-k expansion of f
calculated with the use of (D.3) yields f(y,)=/f(0)1+ay,) with
f(0)=0.8875 and o=0.006983, which gives 0.8813 for y,= —1. Now,
adopting M for k =ix, in (7.8), one obtains the formula (7.9) for correla-
tion length in the 1/D approximation.
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For the calculation of spin-spin correlation function S, for k » », we
should investigate the behavior of the function f(y.), (D.5), for y,> 1.
It turns out that after eliminating small terms of orders 1/y, and 1/\/_
from (D.5), f becomes a function of “slow” variable ln( yk)—21n(k/x0)
In the limit y, > 1 the function I(y, y,) simplifies to T=T, +1,, where T, is
peaked at y= y,:

- 1

Iy= 2 3 (D.8)
O L=y H4p ]
and T, is a steplike function:
| V= Vi ] 2
T=—| -1+ |2 —Z0(y—y) (D9
! yk[ [y + 4,070 "y

[here G(x) is the step function]. The corrections to {(DD.8) and (D.9) are of
the order 1/y2. It is convenient to integrate out the peak part of the
integral (D.5) analytically. Since near y = y, > 1 the function 7(y) takes on
its asymptotic form [see (C.1)], one can break up (D.5) into two parts:
f=/1o+fi, where

i © T 2 —1In(p)
= d —T(y. y) =22 po
Jo ln(yk+p)Jo y[y+p (y y‘)] ne+p) O

and

o i ! 1
fi=In ln(p)+J‘o dy {y+p|:ln(y+p)_ln(,‘)k+p):|

B 7 B D.11
I(Y,)k)[(y+l),7(y) ln(yk+P)]} ( )

In (D.11) the peak of T at y = y, is compensated for by the difference in
square brackets. Thus, the representation (D.10), (D.11) is convenient for
the numerical calculation of f( y,) for arbitrary y,. Note that (D.10), (D.11)
recovers (D.6), (D.7) if we choose In(1 —p)=1/2, ie., p=e'*+1=2.6487.
Such a choice of p guarantees good behavior of the integrand of (D.11) for
both y,= —1land y, > L.

For the analytical calculation of the function f{y,), (D.5), in the limit
Vo> 1 it is convenient to represent it in the p-independent form. Replacing
the upper bound of the integration by A — o0, one gets

2-In(4) (4 . - L ]
G o T y"’[ln(yk) TESIET)

(D.12)

S(yi)=Inln(4)+
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Using the asymptote (y + 1)7(y)=In(y) in the relevant region y~ y, > 1
and the representation of I (D.8), (D.9), we can transform expression
(D.12) to
2—In(A)

In(y,)

e ! 2\ In(y/yi)
dy Sl i P54 LA
+J0 }(yk—y yk)ln(.v)ln(yk)
4 dy  In(y/yi)
* JA y—yeIn(y)In(y,)

J(y)=Inin(4) +

(D.13)

In (D.13) the quantity 4y, entering I, (D.8), is omitted, since it introduces

an error of the order 1/,/y, to f(y,). Then after some transformations, the
function f(y,) takes on the final form

Sintn(un) U = e [ e L
SomEmint) = U s s | Tyt
2 ' dz In*(z).
_IHS(Yk)Jo t—z 1 —In?(z)/In%(y,) (D.14)

which can be easily expanded in powers of 1/In(y,). Now, with the help of
(4.6), (7.8), and (D.4) for k> »x we write

ikaN 1 LAY
4 =1—B{ln<0> f} (D.15)

In the case In(y,)> 1, using the first two terms of (D.14) and the formula
In(y,)=n/0 —2In(l/k), one arrives at the formula (7.11).
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